We present a beyond mean-field study of clusters and molecular structures in low-spin states of 20 Ne with a multireference relativistic energy density functional, where the dynamical correlation effects of symmetry restoration and quadrupole-octupole shapes fluctuation are taken into account with projections on parity, particle number and angular momentum in the framework of the generator coordinate method. Both the energy spectrum and the electric multipole transition strengths for low-lying parity-doublet bands are better reproduced after taking into account the dynamical octupole vibration effect. Consistent with the finding in previous studies, a rotation-induced dissolution of the α+ 16 O molecular structure in 20 Ne is predicted.
The formation of clusters in nuclear many-body systems has continued being a very active field of research since it plays an important role in studies of nuclear structure, cluster decay, break-up reactions, and stellar nucleosynthesis [1] [2] [3] [4] [5] . For nuclear matter at very low densities, light clusters can be formed and have a significant influence on the nuclear equation of state and therefore on the structure of neutron stars and for simulating supernova explosions [6] . In finite nuclei, clusters are typically observed in excited states close to the corresponding decay threshold with a molecular structure, which in most cases is composed of one or several α particles with or without a closed-shell core surrounded by several neutrons [3] [4] [5] . The molecular states in α-conjugate stable nuclei with an equal, even number of protons and neutrons are well described by the so-called Ikeda diagram [1, 7] . For neutron-rich nuclei, the excess neutrons form molecular orbits in the low excitation energy region and tend to form atomic orbits around individual clusters in the region of higher excitation energy [8] . In contrast to excited states, the cluster structure in most of the ground states does not survive as well-separated α-particles, but rather the cluster structure becomes more compact and the clusters overlap due to a stronger attractive inter-cluster interaction. As a result, their ground states have a "duality nature" [9] or admixture of both mean-field and clustering ingredients, as indicated in the ab initio calculations of Refs. [10, 11] . The transition of nuclear structure from mean-field to clustering structure under controlled parameters, such as nucleon number, excitation energy, temperature or angular momentum, has been of particular interest in nuclear physics research. * Corresponding author: jmyao@swu.edu.cn
In the past decades, cluster structures in the deformed nucleus 20 Ne have been extensively studied [12] [13] [14] [15] [16] [17] [18] [19] because this nucleus is one of a few nuclei with a strong admixture of cluster configurations in the ground state. In particular, it has a transitional character between deformed mean-field structures and cluster structures, as demonstrated in angular-momentum projected HartreeFock [12] , resonating group method [13] , 5α generator coordinate method (GCM) [14] , and anti-symmetrized molecular dynamics (AMD) calculations [16] [17] [18] , which predicted that the reflection-asymmetric α+ 16 O molecular structure becomes weaker as the spin goes up in this way that the equilibrium distance between the two clusters is gradually decreasing. This phenomenon is in contradiction to the common sense that rotation elongates nuclear shapes due to the centrifugal force. There should be a mechanism playing the role of anti-stretching and driving 20 Ne to a state with an enhanced spin-orbit interaction dissolving the cluster structure [16, 17] . However, to the best of our knowledge, the dynamical mechanism that drives the dissolution of the α+ 16 O molecular structure in the parity-doublet states of 20 Ne is not clear and requires further investigations within a fully microscopic approach capable of describing the coexistence of deformed mean-field and cluster structures.
In recent years, clustering phenomena in light N = Z and neutron-rich nuclei were reexamined in the framework of energy density functional (EDF) methods [20] . It was claimed that the relativistic EDFs are characterized by deeper single-nucleon potentials and thus are prone to enhance the probability of forming cluster structures in both ground and excited states. A number of other EDF studies have shown that cluster structures appear in nuclear systems with high spin and large deformation [21] [22] [23] [24] or with low density [25] . On one hand, all these studies demonstrate the feasibility of nuclear EDF theories to explore the occurrence and evolution of α-cluster structures. On the other hand, however, cluster structures built on a single-reference state could be unstable against shape fluctuations. A quantitative assessment of the effect of quantum fluctuations and a detailed description of the spectra require methods "going beyond the mean field" by means of symmetry restoration and taking into account fluctuations in the nuclear shape. This framework is usually referred as generator coordinate method [26] or multireference EDF method [27] . Recently, the stability of a linear four-α structure in highlying excited states of 16 O was examined with the multireference relativistic EDF method [28] . In this paper, we extend this method by mixing quantum-number projected quadrupole-octupole shaped configurations in order to study molecular-like structures in the low-lying parity-doublet states of 20 Ne. The symmetry conserved wave function is constructed by superposing a set of quantum-number projected nonorthogonal mean-field reference states |q around the equilibrium shape
where the generator coordinate q stands for the discretized deformation parameters {β 2 , β 3 } of the reference states. TheP G s (G ≡ J, π, N, Z) are projection operators onto angular momentum, parity, neutron and proton numbers, respectively [26] . The weight functions f 
with the operatorÔ representingĤ and 1, respectively and the index κ for {q, K}. The reference states |q are generated from deformation constrained self-consistent relativistic mean-field calculations based on the universal relativistic energy functional PC-PK1 [30] through the variational principle
with the Lagrange multipliers λ τ being determined by the constraints q|N τ |q = N (Z). The position of the center of mass coordinate is fixed at the origin to decouple the spurious states by the constraint q|Q 10 |q = 0. TheN τ andQ λ0 ≡ r λ Y λ0 are particle number and multipole moment operators. For the sake of simplicity, all the reference states are restricted to be axially deformed. The deformation parameters β λ (λ = 2, 3) are defined as
with A representing the mass number of the nucleus. The Dirac equation for the nucleons is solved by expanding the Dirac spinors in a harmonic oscillator basis with ten shells [31] . Pairing correlations between nucleons are treated within the BCS approximation by using a density-independent δ-force with a smooth cutoff [32] . The strength parameters of the pairing force are V n = −349.5 and V p = −330.0 MeV fm 3 for neutrons and protons, respectively. In the calculation of the projected kernels, the numbers of mesh points in the interval [0, π] for the rotation angle β and the gauge angle ϕ are chosen as N β = 14 and N ϕ = 7, respectively. We adopt N GCM = 54 reference states covering the (β 2 , β 3 ≥ 0) deformation plane in the GCM calculation. The convergence of the GCM calculation is checked by increasing or decreasing the number of configurations and by examining the behavior of the collective wave functions and energy dispersions [33] . Since the low-lying parity-doublet states of 20 Ne are dominated by the deformed configurations with (β 2 > 0, β 3 ), the oblate deformed configurations (β 2 < 0) are excluded in our final GCM calculation to save computation time. Pfaffian techniques [34, 35] are implemented to avoid the sign problem for the norm overlaps. More details about the multireference relativistic energy density functional calculation have been discussed in Refs. [36] [37] [38] .
The advantages of our method for studying the molecular structure in the low-lying parity doublets of 20 Ne are as follows: 1) the strength of the spin-orbit interaction relevant for the formation of cluster structures is determined automatically by the derivative of the scalar and vector fields in all the reference states |q ; 2) the fluctuations in quadrupole-octupole shapes relevant for the stability of cluster structures is taken into account; 3) the symmetry restorations relevant for spectroscopic studies of the evolution of cluster structures in excited states are implemented. This method provides a stateof-the-art calculation of nuclear low-lying parity-doublet states with possible quadrupole-octupole shapes. Figure 1 displays the mean-field energy surface in the (β 2 , β 3 ) plane for 20 Ne. A global energy minimum is found at the reflection-symmetric prolate shape with deformation parameters (β 2 = 0.5, β 3 = 0). However, in the ground state this equilibrium shape is unstable against fluctuations in octupole-shape. The excitation energy of a possible octupole vibration is expected to be much lower than that of the quadrupole vibration. A schematic picture of nuclear shapes corresponding to some selected configurations along the optimal path on the energy surface is also plotted. It is shown clearly that the reflection-asymmetric diatomic molecular structure (α+ 16 O) is progressively developed with increasing values of β 3 along the optimal path. the reference states in the (β 2 , β 3 ) plane. The projections are carried onto the particle numbers (N, Z) = (10, 10) and onto different spin-parity values J π = 0 + , 1 − , 2 + , . . . , 7 − . For each value J π the projected energy of the reference state |q is given by the diagonal element of the hamiltonian kernel divided by that of normal kernel E Jπ (q) = H Jπ κ,κ /N Jπ κ,κ with K = 0. Due to the dynamical correlation energy gained from symmetry restoration, the reflection-asymmetric configurations become favored in energy for both positive-and negativeparity states. On the energy surface with spin-parity 0 + , there is a minimum with deformation parameters (β 2 = 0.7, β 3 = 0.5), which is, however, very soft along both β 2 and β 3 directions. With the increasing of spin J, the energy minimum becomes more stable but drifts to the configurations with smaller multipole moments. A similar trend is also observed for the energy surfaces with negative parity.
The changes in the projected energy surfaces with increasing spin can be partially related to the deformationdependent moment of inertia in the sense that a larger moment of inertia gives a lower rotational energy. To shed some light on this issue, we plot in Fig. 3(a) the moment of inertia along x-axis J x in the deformation 
whereĴ x is the x-component of angular momentum operator. The coefficient between the m-th and j-th single-(quasi)particle states is defined as
representing quasiparticle energies, v k for the occupation probability, ∆ k for the pairing gap, ǫ k for the energy of the k-th single-particle state and f k for the energydependent smooth cutoff factor [32] . Fig. 3(a) shows a peak of J IB x located around (0.5, 0.2), to which the energy minimum of the projected energy surface drifts with the increase of spin. At the deformation region β 2 > 0.5 with pairing collapse the dominant contribution to the moment of inertial comes from the 3/2 + and 1/2 + orbitals, whose energy difference is increasing steadily with β 2 , resulting in a smooth decreasing of the J IB x . It has to be mentioned that the Inglis-Belyaev formula (6) might be invalid for the states with two-center cluster structures. A further dedicated study of the moments of inertia for such states is required to deepen our understanding on issue.
The expectation value of the spin-orbit potential has been used as an indicator of formation or dissociation of cluster structure in the AMD studies [17] . Following Ref. [28] , we calculate the spin-orbit interaction energy in two ways, for each referencee state |q , where the "−" sign is introduced in defining SO1 to have positive values because the spin-orbit interaction in atomic nuclei is attractive [40] the bare mass of nucleon. Fig. 3(c) shows that both SO1 and SO2 are increasing with the decreasing of quadrupole deformation β 2 at β 3 = 0, consistent with the finding in the AMD studies [17] that the cluster structure is being weakened gradually with the increase of spin. Figure 4 displays the low-energy spectra for 20 Ne from the GCM calculation with different sets of configurations. Both the energy spectrum and the electric multipole transition strengths for low-lying parity-doublet bands are reproduced after taking into account the dynamical octupole vibration effects, as shown in the comparison of Figs. 4(b) and (e). In contrast to Fig. 4(e) by mixing only the prolate configurations, the full configuration-mixing calculation yields a ground-state rotational band with slightly reduced E2 transition strengths and stretched spectrum, which are closer to data. In particular, the negative-parity band is also reproduced reasonably. Figure 4(d) shows that the single quadrupole-octupole deformed configuration (β 2 = 0.7, β 3 = 0.5) of the energyminimum on the projected 0 + energy surface is able to reproduce the main feature of the spectrum. The results (except for the E2 transition strengths in the negativeparity band) by mixing the configurations along the optimal path, cf. Fig. 4(c) , are in between those by mixing the full configurations and by the single configuration at (β 2 = 0.7, β 3 = 0.5). [26, 36] . It has to be stressed that the g Jπ α (q) is different from the quantityg Jπ α (q) ≡ q|J π N Z; α , the module square of which represents the probability to find the mean-field configuration |q in the GCM state |J π N Z; α . However, the quantity g Jπ α (q) is orthonormal to each other and is usually adopted to analyze the predominant configuration in the GCM wave functions [36, 41, 42] . It is shown in Fig. 5 that the collective wave functions g Jπ α (q) of the states in the K π = 0 + band are peaked in a reflectionsymmetric prolate configuration around (0.5, 0.0). With increasing angular momentum, the collective wave functions becomes increasingly concentrated, indicating the stabilization of nuclear shape under rotation. In contrast, we find a relatively broad distribution of the collective wave functions for the states in the K π = 0 − band. The peak position drifts towards a smaller deformed region with increasing angular momentum.
The total nucleon densities in y-z plane corresponding to the dominant configurations in each spin-parity state are displayed in Fig. 6 . The positive-parity states have probably a compact α+ 12 C+α structure, consistent with the recent mean-field studies based on the relativistic DD-ME2 force [20] , while the negative-parity states have a reflection-asymmetric diatomic 16 O+α molecular structure. The broad distribution of the collective wave functions of the negative-parity states may indicate the nonlocalization of the cluster structures [43] . In the dominant configuration, the distance between the α cluster and the 16 O cluster becomes smaller as the angular momentum increases and the clustering feature becomes weaker. This has been found also in AMD calculations, where this phenomenon was interpreted as the consequence of an increasing spin-orbit interaction [17] . A quite similar phenomenon was also discussed with the 5α GCM calculation [14] .
In summary, we have presented a beyond-mean-field study of reflection-asymmetric molecular structures in 20 Ne for the first time in the framework of multireference relativistic energy density functional theory. The dynamical correlations related to the restoration of symmetries broken at the mean-field level and to shape fluctuations are taken into account within the quantumnumber projected generator coordinate method. Both the energy spectrum and the electric multipole transition strengths for low-lying parity-doublet bands have been reproduced after taking into account the effect of dynamical octupole vibrations. We conjecture that the special deformation-dependent moment of inertia governed by the underlying shell structure is responsible for the rotation-induced dissolution of the α+ 16 O molecular structure in the negative-parity states. However, a further dedicated study of the deformation-dependent mo-ment of inertia is required to address this issue. The present study also provides a starting point to investigate the dynamics of nuclear α-decay in a full microscopical way in the future.
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